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^ Abstract. In this article we prove a theorem of Ohsawa-Takegoshi type on compact 

psj ■ Kahler manifolds. Our arguments follow the "standard" approach for this kind of ex- 
■ tension results; however, there are many complications arising from the regularization 



O 



process of quasi-psh functions on compact Kahler manifolds, and unfortunately we only 
obtain a particular case of the expected result. We remark that the additional hypothesis 
we are forced to make are natural, since they are verified in many situations; we hope 
to remove them in a near future. 
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^ '■ §0 Introduction 

■ 

We begin by fixing a few notations, and by presenting the general context in which we 
wiU work. 

^ I Let X be a compact Kahler manifold and let Z C X be the zero set of a holomorphic 

^ ■ section s G H^{X,E) of a hermitian line bundle [E^He)- The hypersurface Z is 



assumed to be non-singular. Let L be a line bundle, endowed with a possibly singular 



CnI . metric such that: 

^ ■ (1) 0/ii(-^) > as a current on X; 

(2)ehr.{L) > -e{E) for some a > 1, a G C°°(X); 
a 

^ ' (3) < exp(— a) on X, and the restriction of the metric Hl to Z is well defined. 



We recall next the notion of multiplier ideal sheaf associated to the metric Hl; it is a 
way of measuring the "large" algebraic singularities this metric may have, and it plays 
an important role in both algebraic and analytic geometry. Hence we introduce Xt^^ , 
defined locally at each point x E X as follows 

:= {/ e Ox,. : l/pe"^^ G L\X,x)}. 

Actually, a version of this ideal (introduced and investigated in [5]) will be relevant 
for us in what follows; we define 

X+{ipL) := limX((l + £)vPi). 



We notice that we have 
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for some positive real number eo- Conjecturally (cf. [5]) we have I{(Pl) = 

but so far this equahty is only established up to the dimension 2 (and it seems to be a 

difficult problem). 

We will formulate next a requirement concerning the singularities of the metric ip^ 
locally near the set Z; we note that this condition equally appears in [15]. 

Hypothesis C. Let xq E Z be an arbitrary point, and let z — {zi,...,Zn) be a 
coordinate system of X defined on an open set U, such that Z (1 U = {zi =0). Let 
f G X{ipL\z)xo t>e an element of the multiplier sheaf associated to (fiL\z defined on 
Z nU, and let f be an extension of f to U. Then the function 

f \f{t,z')\^e-'^^^*^''^dXiz') 
Ju' 

is continuous at t = 0, where z' := (^^, ^"■). 
We state our main theorem as follows. 

0.1 Theorem. Let X he a compact Kdhler manifold, and let (L, h^) be a hermitian 
line bundle, such that the properties (l)-(3) above together with the hypothesis C are 
satisfied. Given a section 

u e H%Z, (Kz + L\z) <8) X+{hL\z)) 

such that there exists a holomorphic section U of Kx + Z + L such that U\z = u Ads 
and such that 

Jx kPlog^dsP) - Jz 

where Cq is a purely numerical constant. 



As we have already mentioned in the abstract, our proof follows the general outline of 
the classical works on the subject (starting with [12], [13], [14], [4], [7], [8], [10], [17], 
[18], [19]). The additional -and rather severe- difficulty comes from the procedure of 

regularization of quasi-psh functions on compact complex manifolds. To put this in a 
proper perspective, we recall here in a few words the approach in the projective case. 

Let X be a projective manifold; then there exists a hyperplane section H which do 
not contain Z, and such that 

x\H^\Jnk 

k 

where (ilfc) is an increasing sequence of Stein sub-domains of X. The restriction of 
hL to each Vt^ can be written as (decreasing) limit of C°° metrics /iL,p, in such a way 
that the curvature/normalization hypothesis in the main theorem above are preserved. 
This is precisely the reason for which the Stein property of is used: we can assume 
that /iLliifc is non-singular, provided that the estimates we obtain for the norm of 
the extension are independent of k. In conclusion, we use the well-known version of 
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Ohsawa-Takegoshi theorem on each ilfc, and then let /c — )■ oo. We remark here that 
there are 3 parameters involved in the proof: k, e (used to concentrate the mass on 
Z n O/j, see [1], [17]) and p: they are completely independent, i.e. for each /c, we are 
allow to first let £ — )■ 0, and then 5 — ?■ 0. 

By contrast, if X is only assumed to be Kahler, then we do not have at our disposal 
the sequence (0^). However, we can still regularize the metric Kl and obtain a sequence 
hL,p by using the main result in [3] (in this way we can compensate the absence of the 
"large" coordinate systems used in the projective case). The important difference is 
that in the actual context, the curvature hypothesis (1) and (2) above are only verified 
up to a negative factor —SpU), where 5p ^ as p ^ 0. The occurrence of this small 
negative factor has a huge consequence: we cannot allow e and p to be independent 
anymore, mainly because of the estimates we obtain as a consequence of the twisted 
Bochner identity. Basically, this is the reason why wc arc forced to make the additional 
hypothesis in the main theorem: they are needed in order to insure that a few limit 
processes involved in our proof are justified in the context of the dependence of the 
parameters p, s. 

We have divided our arguments in several steps. In the first part of the proof, we 
will use an approximation theorem for quasi-psh functions, due to J.-P. Demailly (cf. 
[3]). Then we construct a smooth extension of the given section u, and we analyze its 
properties (norm of its d, etc). Finally, we convert this extension to a holomorphic 
one, by solving a d equation, using a twisted Bochner inequality. 

Acknowledgements. I would like to thank sincerely my supervisor Mihai Paun for 
introducing me this interesting problem, for many useful discussions on the difficul- 
ties I encountered while writing this article and, finally, for helping me polishing my 
mathematical writing. 

§A Approximation of quasi-psh functions 

The regularization result we need is the following (cf. [3], page 18). 

Theorem ([3]). Let T := a + \/—ldd(p he a closed current on a compact complex 
manifold X; here a is a closed (l,l)-form. We assume that 99 is quasi-psh, and let 7 
he a continuous form 0/ (1, l)-type, such that T > 7. Then for each p > 0, there exists 
a function ipp G L^{X) such that: 

(i) The function is smooth on X \ Ep(T), where Ep(T) is the p-upper level set of 
Lelong numbers ofT. 

(a) We have Tp := a + ^/^ddipp > 7 — SpOJ, where 6p ^ as p ^ 0. 

(iii)We have ip < ^pp, for each p > 0. 

One of the important aspects of the previous result is that the construction of ipp is 
independent of 7, in the following sense. Given a quasi-psh function ip on X, the 
family of functions (</'p)p>o is obtained by using a regularization kernel, followed by a 
Legendre transform. As we can see (cf. [3]), these operations are independent of the 
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form 7; in conclusion, given two forms 71 and 72 such that 

T > 71, r > 72 

we have 

Tp > 7j - SpUJ 

for each j = 1,2. 

Concretely, the construction is done as follows: we first construct a modified exponen- 
tial map 

Tx~^X (x,C)^exph,(C) CeTx,x 

from the tangent bundle of X to X with the property that for every x E X, the map 
C — )■ exph^(C) has a holomorphic Taylor expansion at C = 0. Then we set ^p'p{z) to be 
the convolution of <^(exph^(C)) with a cut-off function x : — >■ of class C°° : 

f» = i / ^(exph.(C))x dX{C), p > 0. 

Here the cut-ofi" function x satisfies that 

X(t)>0 for t<l, x(^) = for t > 1, / x{\v\^)dX{v) = I 

and dX denotes the Lebesgue measure on the hermitian space {Tx,z, ^^i^)) resp. on C". 
Set then ^{z,w) = (p'p{z) for w e C, \w\ = p with 

^{z,w)= [ ^(exph,«))x(Kl')rfA(C). 

If we change the variable y = ex.ph^{w(), we can see that w( is a smooth function of y, z 
in a neighborhood of the diagonal in X xX. Hence $ is smooth over X x {0 < \w\ < po} 
for some po > 0. The family of (pp are then defined by the Legendre transform 

(Pp= inf (^{x,pw) + - — - plog|«;| ) , 

\w\<l \ 1 — IWl'' ) 

where vS) = $(a;, w) -\- \ w\. So its construction is independent of 7. We refer to [3] 
for more details. 

We apply these considerations to the current 
and we formulate the conclusion as follows. 

Lemma. For each p > there exists a metric hL,p = e~'^^''' on L such that we have: 
Oh.jL) > -Spu, Qh.jL) > ^e{E) - 5puj. 

Moreover, there exists an analytic set Yp <Z X such that ^L,p is smooth on X \ Yp, for 
each p > 0. 

Indeed, this is a consequence of the regularization theorem quoted above, together with 
the hypothesis (1) and (2) of the main theorem. 



§B. Construction of a extension and its properties 5 

§B. Construction of a C°° extension and its properties 

We consider here coordinates sets isomorphic to poly disks 11^ G X , together with local 
coordinates Za = {zl^, z^,) such that Z OUa — {z\ — 0). Let be the holomorphic 
function defined on Z nUa-, which corresponds to the restriction of the global section 
u to the previous set. By hypothesis, we have u e which in local terms 

translates as 

/ l/al V(^+^°)^MA(^«) < oo; 
Jzr\Ua 

here £0 is a small, positive real number. 

By the version of Ohsawa-Takegoshi theorem in [3], for each index a there exists a 
holomorphic function fa defined on Uai such that /a|znc/„ — fa, and such that 



r I f \2 -(i+eo)'fiL r 
(1) / \M^-^^dX{za) < Co |/«|V(i+^°)'^MA(^«) 

Ju sMlog T^nr Jznu^ 



where Cq above is a numerical constant. 

Let (6*0;) be a partition of unit corresponding to the covering (Ua)', we define the 
section Uoo of Kx + Z + L as follows 

Ucx> '•— ^ ] ^afa. 
a 

where fa are seen as local holomorphic sections of the bundle above, which are global- 
ized via the partition of unit. 

We will use Uoo in order to construct the holomorphic extension U required by the 
main theorem, but prior to this, we analyze next the properties of dUoo- To this 
end, we remark that for any index /3 we have 

2 " ^ ^ _ 

= J^(/a - fp)d9a\u^. 
a 

Let us consider an index 7 such that U-yHUp ^ ^. Then there exists a holomorphic 
function gr-y^ defined on t/-y n C/g such that 

(3) f^- fp = sg^p 

since f^ and fp are both local extensions of u. Moreover, the next relation holds 



— dX < 00 



U^nU0 log^ rj. 



as a consequence of (3). 
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We denote by e a positive number; during the proof of the main theorem, we will 
have to evaluate an expression of the following type 



(4) Is := / '-^^^^^ dV^; 

J\8\<e \S\ 

as £ — )■ 0. We remark that up to a constant which is independent of e, the quantity Ig 
is bounded from above by a sum of integrals of the following type 



(5) / 

-'[/anc/«n| 



s <e 



by Holder inequality the quantity (4) is smaller than 

<C(£2log^ ^)^- 



Hence we have 

(6) 4 < C(e2log^ 

where C > is a constant independent of e. We remark that so far, we have only 
used the (extra) assumption u G I^{hL), there are no restrictions on the singularities 
of 1^1, which are needed. In the next paragraph, we follow the usual approach for the 
Ohsawa-Takegoshi type theorems by recalling the twisted Bochner formula in some 
detail, for the comfort of the reader. 



§C. Twisted a-priori inequality 

Let X be a complex manifold, endowed with a hermitian metric u. If 2^, 2:"^ are 
local coordinates on some open set U G X, then the metric oj viewed as a (1, l)-form 
can be expressed as 

CO = \f-\ ^^^dz^ A dz''. 

We arc particularly interested in the tensor bundles A^''^T^ := A^T^ (8) A'^T^; we can 
use u to endow each of them with a hermitian structure (see e.g. [2], [11]). 

More generally, let E ^ X he a, holomorphic vector bundle of rank r and let h he 
a hermitian metric on E. Then we have a metric induced on the space of (p, q')-forms 
with values in E with measurable coefficients and let us set 

Jx 
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we can equally define in a similar fashion a inner product 

{{u,v)) := / {u,v)dV^. 
Jx 

We obtain in this way a Hilbert space usually denoted by L'^{X, A^'^TJ (g)£'); the space 
of smooth (p, q) forms with values in E and compact support is a dense subspace of 
the above Hilbert space, and will be denoted with 'I){X, A^''^TJ E). 

The holomorphic structure of E allows us to extend the d to the space of sections 
of E; the reason is that the transition functions of E belong to the kernel of d. 

In a similar fashion, we can define the 9 of a section (or more generally, of a 
(p, q) form) of a vector bundle whose transition functions are anti-holomorphic. This 
observation can be used to define an operator acting on the space of the (p, q) forms 
with values in a holomorphic vector bundle which is the analog of the full exterior 
derivative d. 

Indeed, given a holomorphic hermitian bundle {E, h), we have a metric identification 
p : E ^ E , defined by p{v){w) :— {v, w)h and we can use this identification in order 
to define the next differential operator: 

dn{u) :=p-'d{p{u)). 

In local coordinates, the operator D' can be described as follows. If {ea)a=i,...,r is a 
holomorphic local frame of E^q, let us define 

K'B '■= (ea,e/3). 

The section u can be written locally as follows u = u^'Ca and then 

where the (e*^) is the induced frame on Next we compute 

dp{u) = J2idu''h^p + u-dh^-^)e^~^ 

and finally we obtain 

dh{u) = J2 h^''{du^K-p + ^"^^a^)e7 = 

Of course, this is nothing but the (1, 0) part of the Chern connection 

D : C°°(A:,E) ^ C^{X,E) 

which can be extended as a linear differential operator of order 1 on the space of (p, q) 
forms with value in E. Maybe the most familiar characterization of it is as follows: 
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• We have the decomposition D = dh + d in types (1,0) and respectively (0, 1); the 
(0, 1) part of D is the extension of the usual d operator; 

•• D is compatible with the metric h. 

Unlike the operators d, d acting on (p, q) forms, the components of D do not 
commute in general. We measure the non commutativity defect by the curvature 
tensor, as follows. 

We denote by [A, B] := AB - (-l)deg AdegS^^ graded commutator bracket 
of operators A,B; then it turns out that given {E,h) a hermitian holomorphic vector 
bundle the commutator 

eh{E) := [dh,d]eC^iX,A^'^T^^Ilom{E,E)) 

is of order zero and it is called the curvature tensor of (E, h). 

We define the operator : C'^{X,AP'1T^ ® E) ^ C°°(X, Ap+^'^+^T^ ^ E) as 
follows 

Lu := u> Au 

and its adjoint is denoted by A^^. It is easy to verify that with respect to some local 
trivialization of E, the expression of the adjoint operator is 

where |/| = p — 1, | J| = q — I and the components (ul^—) of u are assumed to be 
skew-symetric with respect to the ordered multi-index K, L. 

Now the operators dh and d can be viewed as closed and densely defined operators 
on the Hilbert space L'^{X, A^''^T^ E). Their formal adjoints 9^ and d are densely 
defined and they admit extensions in the sense of distributions. Remark that in general 
they differ from the Hilbert space adjoints in the sense of von Neumann, as simple 
examples show it. However, it is well known that if the Kahler metric u is geodesically 
complete, then the 2 operators coincide. We will use this fundamental fact in a moment, 
in the context of the pseudo convex domains. 

Next we recall the fundamental Bochner-Kodaira-Nakano identity ([4]); the context in 
which we will use it is the following. 

We are given a Kahler weakly pseudoconvex manifold {X, ui) and a holomorphic line 
bundle (L, h). Then for any (n, 1) form with compact support u e D{X, A^'^Tx ® L) 
we have the next relation 

/ \du\ldV^+ f [d^ulldV^^ f \dlu\ldV^+ f {[eh{L),A^]u,u)hdV^ 
Jx Jx Jx Jx 

Since this relation holds true for any metric h on L, we analyze next how does it 
changes when we consider a new metric hi := rjh, where > is a smooth strictly 
positive function on X. We have 

/ \du\lridV^+ [ \d"''u\lridV^= [ \d;u\lridV^+ 
Jx Jx Jx 

+ [ {[QhiL) - V^dd\ogr),A^]u,u)hVdV^ 
Jx 
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We use the identity 

^-^^ ddri driAdr] 
ddXogT} = ^ — 

and then the curvature term above becomes 

Jx V 

The term / \d*u\f^r]dVij is positive, therefore good enough for our future purposes; 

le. . ... / (t. ..on . .at late, on .e w.U 0.00. , 

converging to some function with logarithmic poles and we have to control in a very 
precise manner what will happen with this term under the convergence procedure). 
For any u e Dom{d ) and v with compact support we have 



{d*''u,v)hr]dVoj = {u,dv)hr]dVu, = 
Jx 

{u,d{r]v))hdV^ - / {u,dr] Av)hdVoj 
Jx 

{d^u,v)hr]dV^ - / {(dr])*u,v)hdV^ 
Jx 



In conclusion, the formal adjoint operator corresponding to the twisted metric hi 
is equal to 

d "^u = d u — l/r]{dnYu 
and let us now compute the corresponding term in the Bochner formula 

d'-^uWr^dV^^ [ \d\-l/f]{dr]yu\lf]dV^ = 
Jx 

= I \d'u\lridV^+ [ -\{dr]yu\ldV^ -2Re [ (d\,{dr,Yu)hdV^ 
Jx Jx V Jx 

We claim next that we have the following identity 
(7) \{dvru\l = {[V^drjAdrj,A^]u,u)h 

at each point of X. Indeed, let us check it by a computation in local coordinates. We 
take X E X an arbitrary point and let (z^) be local coordinates on some open set Q, 
centered at x, which are geodesic for the Kahler metric lo at this point. Locally we 
have 

u = ujdz A dz^ (g) en 
3 

where dz := dz^ A ... A dz^ and en is a local holomorphic frame of L. Then by the 
definition of (dr}Y we have 

{d^nu)^{-irY.u^^dz®ea 
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at X, and therefore we get 



(8) \{dvYu\l = J2ufu=§^^e.p ( - M^)) 



On the other hand, the expression of the contraction operator on u reads as 

K{u) = A dz" (g) en 

i 

and we have 

V^dr] AdrjA A^{u) = ^ {-l^+^uj-^-^dzP A cZ^^ Adz^Ad^A dz"" ® en = 

j,p,<i 

it '^^'dz^ 

The relation (7) follows, as by the previous identity we have 

(9) [W^dr] A dr], A^]u, u)h = Y^ ufLi=-^ ex.p {-(pl{x)). 

Summing up what we have obtained so far, the twisted Bochner identity become 

/ \du\lr]dV^ + I \d'u\lr^dV^ = / \d;u\lridV^+ 
Jx Jx Jx 



+ / {[r^QhiL) - ^/^ddr^,A^]u,u)hdV^+ 
Jx 

+2 Re / {d'u,{dr]Yu)hdV^ 
Jx 



Let A be another positive function on X; by completing the square in the above 
identity and neglecting the positive term in the right hand side term above, we have 
proved the next inequality (see e.g. [7], [8], [10], [12]). 

Lemma. Let rj, A he smooth functions on X , and let u e !D(X, A'^'^TJ ® L). Then we 
have the next inequality 

[ \du\lrjdV^+ [ {rj + X)\d\\ldV^ > 
Jx Jx 

>j^{[v@H{L) - V^ddv - V^^^^-^,A^]u,u)f,dV^ 



(10) 
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We consider the modified d operators 



Tu := 9(\/?7 + Alt) and Su := y/rj(^duj 

acting on (p, q) forms with values in a bundle F. They are densely defined, and we 
obviously have S oT = 0. 

Then the previous lemma can be reformulated as follows: for any (n, l)-form u with 
values in a line bundle {F, h) which belongs to the domains of S and T* we have 



(11) 



\T^uf + \\Suf>{{kQh{F) 



-Iddr] — , A^J 



u, u) 



We stress on the fact that this was only proved for compactly supported forms tt; in 
general, we use a standard density argument-remark that it is at this point that we 
need the fact that X carries a complete Kahler manifold (see [2]). 

Now assume that for some specific choice of the functions r] and A above we have 



(12) 



riQh{L) 



A 



-Irdji Adfi — 5uj 



on X; here r is a positive function, /x is an arbitrary one, and 5 > is a positive real 
number. Then the curvature term in the twisted Bochner inequality above verify the 
next relation 

(([r/e;,(L)-A/=Taar/-^^^,A^]«,4 > WV^idt^Yuf - S\\uf 
and therefore the relation (11) become 

(13) \\T*uf + \\Suf + 6\\uf > \\^/^{^^^)*uf 



As usual, we want to solve the equation Tv — g for some closed (n, 1) form g with 
values in F := Z + L, such that Sg = 0. Given the lower bound (13) above (the 
corresponding operator is never positively defined, even if 5 = 0), we cannot hope to 
solve the previous equation for all g in the kernel of d, but nevertheless let us consider 
g = dr A go + gi, where ^ro is a form of (n, 0) type, and gi is a (n, l)-form. 

Then we have 



{g,u)hdVaj 



X 



< 



(14) 



{dr Ago,u)hdVoj 
{go, (dTyu)hdV^ 



X 



+ 



+ 



{guu)hdV^ 
{gi,u)hdV^ 



X 



< 



1 



<\\y/^{dTyuf I l/r\go\''dV^ + S\\uf-^\\gif< 



X 

<C{g,T,S){\\T^uf + S\\ufy, 
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here we use the standard trick -see [1], [6]- in order to avoid the term ||S'tt|p in the 
above inequahty. We have employed the notation 

In conclusion, under the precise circumstances described in this paragraph the map 

(T*u, \f5u) {g, u) 
is continuous, hence we can solve the approximate d equation 

Tv + \f5w = dr A go + gi 

together with the estimates 

(15) / \v\\-^-+[ \w\le-^-dV^<C{g,T,6). 

Jx Jx 

We remark that all the computations/considerations above were done under the as- 
sumption that the metric u is complete. 

§E End of the proof 

Since we want the final estimates of the extension to depend on the restriction of 
Uoo to Z only, it is natural to truncate the section Uoo as follows: let ^ : M — ?> [0, 1] be 
a smooth function with support in ] — oo, 1[, such that ^ = 1 on the interval ] — oo, 1/2], 
and such that supj^ \ 9'\ < 4. Then we define 

g, :=d{e{\s\ye^)U^) 

It is an (n, 1) form with values in F :— E + L, which is with respect to the original 
metric of the bundle L, twisted with the singular weight function log |sp (we will 
verify this assertion in a moment). Let xo be any function on M_ whose derivative is 
strictly positive in absolute value (we will make a specific choice later) . We compute 

9e =^^'(^)^|s|' A C/oo + e{\sf/e^)dUoo = 

I |2 0'(K) 

= (1 + 7^) ^^iog(,2 + |,|2)) Kxo(log(e^ + m) A C/oo + e{\sf/s^)dU^ := 
=dr]e A ge,o + ge,i 

The motivation for introducing the logarithmic term above is that in this way the 
function in front of the d is bounded; also, it is coherent with the "functional analysis" 
discussion above. In the last line of the above equality we have used the function 



(16) 
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and the (n, 0)-form g^fi which is essentially t/oo up to a bounded function. 

According to the previous section D (see especially the relations (12), (13)), the 
lower bound we have to obtain for the curvature term in (12) must be something of 
the form r^Z—ldrje A drjs, so we are going to expand the term 

VsiOhiF) + V^ddlog |s|2) - y/^ddr]e 

and choose an appropriate function Ag in order to obtain the correct lower bound of 
the curvature. 

We define the function 

ae := log{e^ + |sp); 
then a straightforward computation shows that 

(17) ^ddae > ^^da, A da^ - 
and we clearly have 

(18) -ddve = XoMddas + Xo{(Je)das A da^. 

We want to use the relation (17) in order to get a lower bound for the hessian of 
—rjs, so we need some definite positive bounds for the derivative of xo; we assume 
1 < Xo < 2. Then we have 

(19) -V^ddv, ^ + 4r^)^dveAdvs - ^^(e(E).,.) 



Xo((X£)2/ e'^ + \s\ 

We use now the regularized metric ^L,p of L obtained in the paragraph A; we recall 
here its curvature properties 

• oi^) ^ —Q(E) - 5pL0 for some a > 1. 

By the normalization condition of the section s we have r]£ > 2a; in particular we get 
Ve ^ ^}\} cind therefore we get the inequality 



veiQh.iL) + QhiE) + v-iaaiog \s\')) > 

(remark that we have used at this point both curvature assumptions above). 

By the relation (18) combined with (20), it is clear that the ideal candidate for the 
function Ag would be 
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provided that the denominator is non-zero. A choice of function xo which will be 
convenient for our purposes is as in [4] 

(21) Xo(t):=t-log(l-t) 

(we refer to the article [9] for a very complete treatment of other possible choices of 
Xo)- 

By collecting all the relations above we get 

2^, 



VeiQh.iL) + QhiE) + V-iaaiog \s\')- 
(22) y^i^ ^ e 



— — J. — — 

Xe 2\s\^ 

The above inequality holds on Xp :— X \ ^E'p(G/i^(L)) U zj, and it involves the 

metric ui which is not complete on Xp. We remark that the completeness of the metric 
is necessary in order to use the results obtained in the functional analysis paragraph 
D, hence we will use next the following lemma (cf. [2]). 

Lemma [2]. Let (X, cj) be a compact Kdhler manifold, and let W G X be an analytic 
subset. Then X \ W carries a complete Kdhler metric. 

Let Up be a complete metric on Xp] for each A; > 1, we define the metric 



(23) Wfe := w + ^Up 



it is equally complete on Xp, and we have Uk > oj. Therefore the inequality (22) is still 
valid if we are using ujk instead of a;, i.e. we have 



rie{QhSL) + Qh{E) + ^aaiog \s\^)- 

(24) ^ ^/Zi _ £2 

^ddrje r — dr]e A drjs > ——^V^drje A drje - SpijeUk- 



for each A; > 1. 

For each £ > we can choose Pe > such that 



Sp^ log^ ^ - ^ 



(see the inequality (6) in the paragraph B) and then the inequality (24) implies 

77e(0/.,^ (L) + OhiE) + V^ddlog |s|2)- 

(25) ^ _ £-2 _ 

-V-lddrjs r — drjs A drjs > — -^V-l^r/e A drjs -e^+^ouk, 

Xe 2sr 
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given the expression of rj^. 

We see that all the conditions in the "Functional analysis" paragraph D are fulfilled 
and as a consequence, for each £ > we can solve the following approximate d equation 

in addition, we have the estimates 



Jx 1*1 Jx 







2 




\s\ 


2 



(26) <C J ^'(^) 



+e 1+^0 / e 



\dU^\ 


2 




\s\ 


2 



c2 I lol2 ""Wfc 



We analyze next the limit as e — )■ of the right hand side terms of the inequality (26). 
By the properties of the regularization family {(pL,p), we obtain the relation 



(27) e' !^ ^e--— e' ^ 





2 




S 


2 



-(PL-<PE 



At this point we have to use the hypothesis C concerning the singularities of (pi- it 
implies that the limit as e — > of the right hand side term of (27) is equal to 



(28) / 



\u?e-^^ 



up to a universal constant. 

As for the remaining term, we observe that we have 



since Uk > oj and in this context we have the following result, due to [2]. 

Lemma([2]). Let ui < U2 he two Kdhler metrics and let \\ ■ ||i,2 he the corresponding 
norms. Then, if f is an {n, q)-form we have the pointwise inequality 



By the arguments we have already used a few lines ago, we obtain 



\dUoo\ 


2 




\s\ 


2 
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and the relation (6) of the paragraph B shows that we have 

(29) / e(^-) l^^f^e-^^-'^-dV^ < Ce—o log^ 4 

Combining the inequahties (26), (27) and (29) we obtain 



(30) 



Jx I^P 

<Co [ 
Jz 





s,fe 1 


2 




s 


2 



where Cg — > as £ — > and Co is a numerical constant. 

We intend to remove the dependence in k from the relation (30), by extracting a limit, 
as follows (the procedure is completely similar to the one employed in [2]). 

For each e > fixed, the (n, 0)-forms {ve,k) are defined on the manifold X\ (ZU Yg) 
and bounded in norm with respect to the metric ipL,ps +log |sp by a constant which 
is independent of k. Therefore we can extract a weak limit say 

v,eL^{X\{ZUYs)) 

from the sequence {ve,k)- 

The arguments we use in order to derive a similar conclusion for the sequence of 
(n, l)-forms (wir^k) are slightly more technical, as follows. Let k > I he two integers; 
since oji > cok, we have 



(31) / ^f!f:^e-'^^-'^^-''-dK,, < / 

Jx \s\ Jx 



\We,k 


12 




\s\ 


2 



as one can infer thanks to (30). Therefore, we can extract a weak limit Wg of (w^^fc); 
for any compact K C X \ {Z UY^:), the metric u>i is comparable with the non-complete 
metric u), so in conclusion, we let A; — > oo in (30) and we obtain the estimate 



(32) 



Jx \sr Jx |s| 

<Co / |«|'e-'^^ + C, 
Jz 



together with the equality 

I 1 2 

(33) ^{^/r|s + XsVe) + = a(^(^)c/oo) 

in the sense of distributions on X \ (Z U Yg). The following lemma (cf. [2] and the 
references therein) shows that the equation (33) is verified on the manifold X in the 
sense of distributions. 
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Lemma ([2]). Let Q be an open subset of and let Y be a complex analytic subset 
of Q. Assume that v is a (p,q-l)-form with Lf^^ coefficients and w a (p,q)-form with 
^loc coefficients such that dv — w on i}\Y (in the sense of distributions). Then dv — w 
on Q. 



Besides the fact that Vs and We are in L^, we do not have further informations 
about their regularity. Indeed, from the estimate (32) one would like to infer that 
is equal to zero when restricted to Z, but in the setting, this makes no sense. We 
tackle this difficulty as follows: the equality (33) shows that we have 

dwe = 





12 




\s\ 


2 



SO locally on each coordinate polydisk f2 C X we can solve the equation 

dfi^,e = We 

such that we have 

(34) / L/^e-'^^-'^^-''-dA < C 

Jn W 

by Hormander estimates (cf. [2], [6]). We consider a finite covering of X with 
poly disks fij, and we denote by fj^s the solutions of the corresponding equation (34). 
Then we have 

I |2 

^Wl^)^°° - \/% + KVe - e^^fj,e) = 

in other words, the local section 

of the bundle Kx + Z + L defined on Qj is holomorphic. In particular, this implies 
that the function 

VvTTTeVe + e^(^ fj,e 



is and the estimates (32) and (34) show that this function is equal to zero 

when restricted to Z f] flj . Hence we have 

and we will show next that: 

• As £ — )■ 0, the local sections piece together, and give an extension of u. 

• The extension obtained as described in the previous bullet verifies the estimates 
required by the main theorem. 

The verification is quite easy: in the expression of Uj^e, the only "local" component 
is the term 

e^(^fj,s; 
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by the estimate (34), there exists fj e L'^(Qj, 6"*^^"^°^ kP) g^ch that fj weakly. 

But then we have 

as £ — >■ 0, and this shows that we will have 

UjlnjCiQi = Ui\Q.ncii 

for any pair of indexes (j, I), where Uj is a limit of Uj^s- We denote by U the resulting 
section. 

In order to evaluate the norm of U, we remark that we have 

T], + X, < 5\ogi\s\^ + s^f 

for £ <^ 1; we obtain 



(35) 



r 17"/. \'2p-VL,ps-'PE r 

in, (|s|2+£2)(log(|s|2+£2))^ Jz 



+a + 



I |^(|8|V£^)£/oope-'^^-^^-'^^ 



where Cg — )■ as e — )■ (cf. (34) combined with (30)). 
The proof will be finished if we can show that the term 

|^(|g|V£^)^oope-'^^-^e-yg 

!x (|s|2 + £2)(log(|s|2 + £2))2 

converges to zero. This is a consequence of the Holder formula, as follows. In the first 
place, given the expression of the section Uqo^ we see that it would be enough to show 



that we have 



\e{\s\^/e^)\U\\-^--'^- 







(36) / , 

(|s|2 + £2)(log(|s|2 + e2))- 

as £ — > 0. We have 

f \e{\s\''/e^)W'e-^--^- ^/ f |y^|2^-(i+eo)^. ^^ 
Jn^ rl.s|2 + p2^/'lo^rl.s|2 + p2^^2 L 



/n„ (|s|2 + £2)(log(|s|2 + £2)^2 \^ 7n„ |s|2(log(|s|2))^ 



n„n(|s|<e) (|s|2 + £2)(log(|s|2 + £2)) 



_\ l+eo 



and so we see that we have the inequality 

|6>(|g|2/£2)^^|2e-y^.p,-y^ C 

and we let £ — )■ in relation (35) in order to obtain precisely the estimate claimed in 
the main statement. Therefore, we are done. □ 
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§F Comments about the general case 

The extension result 0.1 is of course expected to be proved in a more general setting: 
it should be enough to assume that X is a compact Kahler manifold. If the metric 
hL = e~''^^ has logarithmic poles, then our main theorem is enough to prove the result 
-this is just because in this case, our additional hypothesis are easily checked. 

As we can see from the proof of Theorem 0.1, the hypothesis 

u e X+(/ii,|z) 

together with the hypothesis C are needed because we cannot allow the parameters p 
(appearing in the regularization process) and e (whose effect is to concentrate the mass 
along Z in the estimate (35)) to vary independently. We describe next the problems 
we encounter while trying to bypass this difficulty. 

By using the regularization in [3] by applying just the convolution kernel (i.e. with- 
out the Legendre transform), we obtain a family of non-singular metrics hL,p on L with 
the following properties 

(1) eft,,^(L)>-/Xpa;; 

(2) 6/^^ (L) > -Q{E) - iipLO for some a > 1, ae e°°{X). 

In the inequality above, (/Xp)p>o is a family of positive functions on X, such that: 

• there exists a constant C > such that we have Hpix) < C for any x e X and p > 0. 

• we have limp_j.o Hp{x) — i^(OhL (-^)' ^) each x & X. 

The discussion in the paragraph D still applies, but in the actual circumstances we 
only obtain 

I |2 

(38) d{V^^i7Tx'eVs,p) + VW<,p +^*(V^s<p) = ^Kl^)^~) 

together with estimates for Vg^p^w'^ p and w'J^ similar to (26). The adjoint operator d 
is with respect to the metric ^Pl,p + fog I^P on X \ Z. 

Since we want to use the fact that the metric /i^^p is non-singular, we have to take 
first £ — > 0, and then p — > in the relation above. The trouble comes from the presence 
of the factor d (y^g'^^e'p) • order to remove it, one can project on the kernel of the 
d (similar ideas were used in [2]). Indeed, the arguments invoked in [2] would give the 
desired result, provided that one can obtain estimates for the norm of 

Vl^^e,p 

and not just for the norm of w'^ p as it is the case here. The puzzling fact is that if 
one tries to obtain these estimates by incorporating the factor 
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in the expression of the metric of L, then the curvature hypothesis needed are basicaUy 
unchanged (which is very good!), but the right hand side term of (35) becomes 



which is unbounded as £ ^ 0. In conclusion, we are one estimate far from the general 
case. 

§G An open problem 

The next problem was formulated by Y.-T. Siu in his seminal article [17]. 

Conjecture (Siu). Let tt : X ^ A be a Kdhler family over the unit disk. Then any 
section of rnKx^ extends to X. 

It is rather safe to predict that the Ohsawa-Takegoshi theorem in the Kahler setting 
will be necessary for the solution of this problem: this is a very strong motivation for 
our research in this article. Given the proof of the conjecture above in the case X 
projective, the hypothesis 



is not as restrictive as it looks: the construction of the metric for the bundle L in 
[17] shows that the initial section is in fact bounded with respect to this metric. A 
slight drawback in the statement 0.1 is the hypothesis C, concerning the behavior of 
the singularities of Hl; we refer to [16] for a discussion of this property, in the context 
of metrics with logarithmic singularities. 
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